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Abstract. The definition of the conditional probability is very important in the 
theory of the probability. This definition is based on the fact, that random events 
can be simultaneously measurable. This paper deal with the problem of conditioning 
for such random events, which are not simultaneously measurable. This paper defines 
conditional states as convex combination of special states. 



Introduction 



The classical Kolmogorovian model for random events was developed only for 
such random events, which are simultaneously measurable (in another words, which 
are compatible). The basic algebraic structure, which is used as a model for non- 
compatible random events is an orthomodular lattice (OML), or an orthomodular 
er-lattice (er-OML). In this paper we determine a conditional state (analogical notion 
of conditional probability) as a convex combination of "orthogonal states " on an 
OML. 

In the classical theory we assume that random events can be interpreted as a set 
of outcomes of experiments. A probability space is a triple ([1],[2],[8]) (Cl,B,P), 
where Jlis a set of all elementary random events, B is a cr-algebra of subset of £1 
and P is a probability measure. In the non-commutative approach we have a couple 
(L, M), where L is a cr-OML and M is a set of states on it. 

Let (Q,i,J-i) for i = l,...,n be measurable spaces. Let ft = Q% x ... x il n . If 
U = (o>i, oj n ), then iTiiuj) — Wj. Then L = {n^ (A); A 6 T, i = l,...,n}, 
where for example 7rf 1 (A) — (A, f2, £1), for A € T\. Then L can be organized as 
an OML by the following way: 

(1) 7^(0) :=1; 

(2) n^iA) V TT^iB) := ^(A U B) and ir^(A) V nJ^B) := 1, for i± j; 

(3) ,^(0) :=0; 

(4) Ti-r 1 ^) _L ^(B) if and only if i = j and A n B = 0. 
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Let {VLi.Ti.Pi) for i = l,...,n be some probability spaces and L be the OML 
defined as before. A map 

m:L^ [0,1], 

such that 

mfor 1 ^)) = ^ (A) for each As ^ 

is a state on L. 

Well known examples of OMLs include Boolean algebras and the orthogonal 
projections on a Hilbert space. 

Definition 1. [3] Let L be a nonempty set endowed with a partial order < with the 
largest element (1) and the smallest element (0). Let there be defined the operations 
of supremum (V), infimum (A) (the lattice operations ) and a map _L: L — > L with 
the following properties: 

(i) For any {a„}„ e ^ E L, where A C N is finite (A is countable) 

\f a n , f\ a n e L. 

nEA n£A 

(ii) For any n£L (a -1 )" 1 = a. 

(Hi) If a € L, then a\J = 1. 

(iv) If a, 6 E 1/ such that a < b, then &- 1 < a- 1 . 

(vj If a, 6 G L such that a < b then 6 = a V (a -1 A &) (orthomodular law). 

Then (L, 0, 1, V, A, _L) is called an orthomodular lattice (briefly L is an OML) (a 
a -OML. 

Let L be an OML ( a ct-OML). Then the elements a,b E L will be called: 

(1) orthogonal (a±b) iff a < b ± ; 

(2) compatible (a <-> b) iff there exist mutually orthogonal elements ai, b\, c E i 
such that 

a = ai V c and 6 = &i V c. 

If dj 6 i for any i E A and b E L is such that & <-> aj for all i, then 6 <-► Vie.4 a « 
and 

&A\/ a,i=\J ciiAb 

ieA ieA 

([10]). 

Definition 2. [3] A map m : L — > i? such that 

(%) m(0) = and m(l) = 1, 
fnj if a±b then m(a V b) = m(a) + m(b), 

is called a state on L. If L is a ct-OML and m is a a- additive function then m will 
be called a a -state. 



PRINCIPLE CONDITIONING 
1. A conditional state on an OML 



3 



Definition 1.1. Lot L be an OML. A subset L C L — {0} is called a conditional 
system (a CS) ( a a-CS ) if the following conditions are fulfilled: 

(1) // a,b £ Lq, then a V b £ Lq. (If £ Lq, for i = 1,2, then \J i a i £ Lq.) 

(2) If a, b £ Lq and a < b, then a A 6 £ Lq. 

Definition 1.2. Let L be an OML and L be a CS ( a a-CS). Let 

/:LxL -[0,l]. 
If the function / fulfils the following conditions: 
(CI) for each a £ L /(., a) is a state on i (er-state); 
(C2) for each a £ i /(a, a) = 1; 

(C3) if {ai} ie _A £ Xo, where A C N, A has finite (countable) cardinality and at 
are mutually orthogonal, then for each b £ L 

f(b, \f ai ) = ^2 f( a ^ V °^)/( & ' a *); 

ieA ieA ieA 

then / is called a conditional state (a -conditional state). 



It is clear, that if L is a cr-OML, {ai}i S- 4, where „4 C N, such that a, _L ctj, for 
i 7^ j, than we can rewrite the Proposition 1.1 for a cr-conditional state. Moreover 
for any {ai}ig^ there exists many conditional states (or cr-conditional states). On 
the other hand, because a measurable space can be described as a cr-OML [3], then 
this representation is fulfilled for a probability space, too. 

It is clear, that if there exists a probability measure n on the measurable space 
(ft, B) , then the conditional probability / exists on B x Bo and 

»(AnB) 

where Bq C {E £ B; n{E) ^ 0}. The system (ft, B, Bo, f) is called the conditional 
probability system (CPS). 

Let V be some collection of probability measures on (Q,B). It is a question, 
when this collection V can be organized as a system of conditional probabilities. 
On the classical theory of probability the following theorems are fulfilled: 

Proposition 1.1. Let (fl,B,B ,f) be a CPS. Let {B l } ieA £ Bo, A C N and let 

there exist B £ Bo, such that f(B, Bi) = 1 and f(Bi, B) > for any i £ A. Then, 
for each C £ B 

f(C,B) = J2f(C,B t )f(B l ,B) 

ieA 

iff 

f(\jB i ,B) = J2f(B i ,B) = l. 

ieA ieA 
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Proposition 1.2. Let (O,S,B ,/) &e a CPS. Let {Bi\ ieA e B , A C N and let 

there exist B G Bo, such that f(B,Bi) = 1 and f(Bi, B) > for any i <E A. Then, 
for each C G B 

f(C,B) = ^f(C,B i )f(B h B) 
ieA 

and for any i ^ j f(Bi, Bj) = 0. 

From this approach follows, that the definition of a conditional state (er-conditio- 
nal state) on an OML (a er-OML) has been defined correctly. More details about 
the classical approach to the conditional probability we can find for example in [9] . 

Proposition 1.3. Let L be an OML. Let {a^}" =1 G L, n G N where ai _L aj for 
i j. Let for any i there exist a state ai, such that tti(aj) = 1. Then there exists 
a CS such that for any k = (fci, fe, k n ), where ki G [0; 1] for i G {1, 2, n} with 
the property X)"=i ^' = ^ there exists a conditional state 

&:LxL o -[0,l], 

and 

(1) for any i and each d G L /k(c2, en) = oti(d); 

(2) for each ai 

n 

/k(o», V a.j) = fc*; 

Proof. Let 

i = {c G i; c=\Ja,j, for each .4 C {1, 2, n}}. 

je.4 

Then it is clear that L is a CS and so L exists in i. 

From the assumption, we have the set of triples {(a,, a^, ki), i = 1, n} and from 
the properties of a CS follows that for each c G Lq there exist i s } C {1, ■■■,n}, 

such that 

s 

Let as denote /C(c) = X^=i • 

Let / k : L x L -> [0, 1] such that for each d £ L and c £ L 

1 s 

Now we show, that /k is the conditional state. 
(CI) Let c G L . Then 

/k(1 ' c) = m = = icw = 1 
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and 



3 

Let d,b & L, such that d _L 6. Then 



/k(d v 6 ' c) = km E fc ^ a ^ (d v 6) = wa ( E ^ (<*) + E ^ ^ (*)) 

j j j 

= j^cj E ki i ai i (<*) + E ^ ^ = m<*> c ) + /k ( 6 ' c )- 

So /k is a state on L. 

(C2) It is easy to see that, for each c£L 

/ k (c,c) = 1. 

(C3) It is enough to show it for two orthogonal elements from L . Let c\, c 2 be 
such elements from L 7 that 

111 "2 

c i = V ai and C2 = V a *- 

i— 1 i—m + 1 

Then 

/k(ci,eiVc 2 ) = -^ for j = l,2 

/C(Ci V C 2 J 



and 



^ «2 

/ k (d, ci V c 2 ) = — — - — - V kiCXi(d). 
JC(d Vc 2 ) ^ 



From it follows that 

2 



h(cj,ci V c 2 )/k(d, Cj) = 

/C(ci V c 2 ) /C(ci) ^ /C(ci V c 2 ) /C(c 2 ) j= ^ +i 

j "2 

= ^7V^)E fc ^ (d) = /k(d ' ClVC2) ' 

So /k is the conditional state. 
Let a = \/r=i a i- Then 

and then for each i = 1,2, n 

f^, a) = hi. 
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From it follows, that for each d G L and a, i — I, 2, n 

fa(d,di) = 1 hai(d) = a>i(d). 
K-(ai) 

It is clear that /k : L x i ^ [0, 1] is the conditional state with the properties (1) 
and (2). 
(Q.E.D.) 



2. Dependence and independence 



Definition 2.1. Let L be an OML and / be a conditional state. Let b G L, 
a,c G L such that /(c, a) = 1. Then 6 is independent of a, with respect to the 
state /(.,c) (6 ~/(., c ) a) iff /(o,a) = /(o,c). 

The classical definition of independence a probability space (f2, £>, P) is a special 
case of this definition because 

P(B\A) = P(B\fl) iff P(BnA\n) = P(B\Q)P(A\Q). 

Let L is a OML. Let ai, ...,o„ G L — {0}, such that aj L cij, for i ^ j. Let a 4 
z = l, ...,n be a state such that Qfj(aj) = Sij, the Kroneker £jj which = 1 when 
i = j and otherwise. Then, for each fcj G [0, 1] (i=l,...,n), such that 

n n n 

Y h = 1 a ma p M : = ki<Xi = V a *) 

z— 1 z— 1 i— 1 

is a state and we say that a, is a conditional state with the condition a, (a, = 
fixi-iO-i)) an d fcj = n(di). Then for G L 

b^f^a, iff ai(b) = /j,(b). 

Proposition 2.1. Lef L be a OML. Let ai,...,a n G L — {0}, suc/i £/iat a 4 _L a.,-, 

/or z ^ j. Le£ a, ; i = l,...,n &e a sfofe swc/i i/iai a^a,) = Let ki G [0,1] 

(i=l,...,n), such that 

n n 

ki = 1 and let fi = fc^aj. 

i=l i=l 

T/ien 

(1) b- u ai , iffb^ u Vjjtiaj; 

(2) 6x /m ai, # 6- 1 ai . 
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Proof. 

(1) It is enough to show it for i = 1. Let b xy ai, then it follows that 
ai(6) = ju(6) and so 



n n 



»(b) = U(b, \/ Oi) =/ M (ai, Y aj)/ M (&, «i) + / M ( V Oj, V a i )/ /J (6, \/ a,-) 

i=l j=2 j=2 i=l j=2 



n n 



ai(6) =feiai(6) + fp(\J aj, \f a^f^b, \f aj) 

3=2 i=l j=2 



n n 



(1 - fci)ai(6) =/ M ( \/ a,-, Y 04)^(6, Y Oj) 

j=2 i=l j=2 



n n n n 



m V a J' V a *)"i(fr) =/m( V a J' V a i)U( b ' V a j) 

j=2 i=l j=2 i=l j=2 

n 

aiO) =/ M (Mi) = /^(o, \/ % 

From it follows that 6 X/ Wj^aj. The converse implication can be shown 
analogously. 
(2) If 6 x M then 

M& x ) = 1 - M&) = 1 - ai(6) = ai(& x ) 

and so 6 1 - x M aj. The converse implication can be shown analogously. 
(Q.E.D.) 

Proposition 2.2. Let L be an OML, L be a CS and f : L x Lq — > [0, 1] 6e a 

conditional state. 

(1) Let a- 1 , a, c G L , b E L and f(c,a) = f(c, a^) = 1. T/ien 6 ~/(.,c) a tff 



6 : 



\f(-,c) 



a 



_L 



(2) Let a,c E Lq, b E L and f(c,a) = 1. Then b Xj( jC ) a ij(f 6 ~/( .,c) a - 

(3) Lei a, 6, c e Lo; b ^ a and f(c, a) = f(c,b) = 1, f(a,b) ^ 0, fib, a) ^ 0. 
T/ien 6 x /( c) a #fa x /( . iC) 6. 

(4) Lei 6, c, d € Lo> b L d, a E L and f(c,b) = f(c,d) = 1. //a Xj( jC ) 6 and 
a ^/(., c ) d a x /(..c) b V d 

Proof. 

(1) From the definition of a conditional state it follows that for each x E L 
f{x, c) = f(a, c)f(x, a) + f{a ± ,c)f{x, a x ). (i) 
Let 6 Xy/ C ) a. It means, that /(b, c) = a). If we put x = b, then we get 
/(&, a) = /(&, c) = /(a, c)/(6, a) + f(a ± ,c)f(b, a x ). 

Thus 

(l-/(a, C ))/(6,a) = /(a ± , C )/(6,a ± ), 
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but 1 - f(a, c) = /(a- 1 , c). Then 

f{a\c)f{b,a) = f{a ± ,c)f(b,a ± ) 

and so 

f(b,a) = f(b,a ± ) = f(b,c). 

Thus 6 "/(., c ) a - The converse implication can be shown analogously. 

(2) Let £>'x /( ., c) a. Then /(&, c) = f(b, a), and so 1 - f(b, c) = 1 - /(&, a). Thus 
/(fe- 1 , c) = a). The converse implication can be shown analogously. 

(3) By (i) with x = a A b, we have 

f(b,a) = f(aAb,a). (ii) 
On the other hand, by (i) with b in place a, we have 

f(a,b) = f(aAb,b). 
From the definition of a conditional state, we can write 

f(x, c) = /(a, c)/(x, a) + f(a ± ,c)f(x, cr 1 ), 
for each x E L. If we put x ~ a Ab, then 

/(a Ab,c) = /(a, c)/(a A 6, a) = /(a, c)/(6, a). 
On the other hand 

f(x, c) = f(b, c)f(x, b) + f(b ± ,c)f(x, 6 X ), 

and we get 

/(a A 6, c) = /(&, c)/(a Ab,b) = f(b, c)/(a, 6). 
But 6 ~/(., c ) a so /(&> c ) — /(&) a )- Then 

/(a A b, c) = f(b, c)/(a, 6) = /(&, a)/(a, 6) 

analogously 

f(aAb,c) = f(a,c)f(b,a) 

and, by (ii) we can write 

f(b,a)f(a,b) = f(a,c)f(b,a), 

so that, since /(&, a) ^ 

./(a, = f(a, c) 

and a ~/(., c ) The converse implication can be shown analogously. 

(4) Let b _L d, /(c, 6) = /(c, d) = 1. Then 

f(c, bVd) = f(d, d V b)f(c, d) + f(b, d V b)f(c, b) 

= f(d,dvb) + f(b,dvb) 

= f(bVd,bVd) = 1. 
If a x/(.,c) &, a "/(.,c) then /(a, 6) = /(a, c) = /(a,d) and 

/(a, & V d) = /(d, d V b)f(a, d) + f(b, d V b)f(a, b) 
= f(d,dVb)f(a,c) + f(b,dVb)f(a,c) 
= f(bVd,bVd)f(a,c) = f(a,c). 

It means a x /(. jC ) b V d. 
(Q.E.D.) 
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Example. Let L = {a, a x , 6, 6 , 0, 1} and Lq = L — {0}. Let a, a' be states on 
L such that a(a) = a'{a^) = 1 and let k — (0.1,0.9). Then we can define a 
conditional state by the following way: 

fa(d,a) = a(d) and f k (d, a x ) = a'(d) 

/k(d,l) = 0.1a(d) + 0.9a'(d) 

= /k(6,l)/k(d,6) + /k(6 ± ,l)/k(rf,6 ± ) 

for each d <E L. Let a(6) = 0.2 and a' (6) = 0.3. Then / k (6, 1) = 0.29 and we can 
write 

f k (d, 1) - 0.29/ k (d, 6) + 0.71AK 6^). 

If we put d — a, then 

/kM)e[0,^j] and / k ( a ,^) g [0,^]. 

Therefore 

0.29 = / k (6,l)^/ k (6,a) = 0.2, 

then 

b is not independent of a with respect to the state /k(., 1). 

If / k (a, 1) = 0.1, then / k (a, 1) = / k (a, 6) and so 

a is independent of b with respect to the state / k (., 1) (a X/ k (..i) 

From the above mentioned it follows that the Boolean algebra as a measurable 
system Bi — {0,1, a, a^} is independent of the Boolean algebra as a measurable 
system B 2 = {0,1,6, 6^} with respect to the conditional state /k, and B 2 is de- 
pendent on the Bi with respect to the conditional state / k . It may be that this 
approach to the conditional state can help describe some problems of causality in 
the theory of probability. 
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